Abstract. We discuss the ultraviolet finiteness of the two-dimensional BF model coupled to topological matter quantized in the axial gauge. This noncovariant gauge fixing avoids the infrared problem in the two-dimensional space-time. The BF model together with the matter coupling is obtained by dimensional reduction of the ordinary three-dimensional BF model. This procedure furnishes the usual linear vector supersymmetry and an additional scalar supersymmetry. The whole symmetry content of the model allows to apply the standard algebraic renormalization procedure which we use to prove that this model is ultraviolet finite and anomaly free to all orders of perturbation theory.
Introduction
Topological field models have been an object of intense interest over the last decade and brought significant developments to the understanding of the topology and geometry of low dimensional manifolds [1, 2] . The main property of the topological models [3] is the fact that the observables depend only on the global structure of the space-time manifold on which they are defined, e.g. no physical degrees of freedom exist locally. In particular, they are independent of any metric which may be used to define the classical theory.
There are two different types of topological field theories. The first one is called Wittentype [4] whose whole gauge fixed action may be written as a total BRS variation. The most prominent example of Witten-type models is the topological Yang-Mills theory. The second type of topological models are the Schwarz-type models characterized by the fact that only the gauge fixed part of the action is an exact BRS-variation. The examples of the Schwarz-type models are Chern-Simons and BF theories. A common feature of such models is the presence of the so-called topological linear vector supersymmetry. The corresponding operator δ µ and the usual BRS-operator s form a graded algebra of WessZumino type:
{s, δ µ } = ∂ µ .
The aim of the present work is to analyze the ultraviolet behavior of two-dimensional BF model with a matter coupling [5] quantized in the axial gauge. The infrared and ultraviolet behavior of the pure two-dimensional BF model has been already discussed in [6, 7] . Usually the propagators in two space-time dimensions are not well-defined in the infrared region. In the present work, however, the use of the axial gauge removes the singular behavior at long distances. To carry out the proof of perturbative finiteness we will use the ordinary algebraic renarmalization procedure in the context of BRS-symmetry [8, 9, 15] . Besides the usual BRS-symmetry there exists also the topological linear vector supersymmetry [9] together with an additional topological scalar supersymmetry. The latter scalar supersymmetry is a by-product in reducing the three-dimensional BF model to two-dimensional space-time. The whole symmetry content of the model is basis for the proof of the ultraviolet finiteness.
The paper is organized as follows. In Section 2 we present the classical algebraic properties of the model at the classical level. We display the BRS-transformations, the topological linear vector supersymmetry and the additional scalar supersymmetry. In Section 3 we discuss the proof of perturbative finiteness of the model by analyzing its stability. The same arguments as in [13] imply that the model is free of anomalies.
The classical model
The action of classical BF model living on manifolds M with (n + 2)-dimensions can be defined [1, 3, 9] according to
where F is a two-form
A is the usual gauge connection one-form and B is a n-form:
This action has a topological character since it is independent of the metric of the manifold M.
In the case of two-dimensional flat Euclidean space-time the action of the BF model reads
where ε µν is the totally antisymmetric Levi-Civita tensor (with ε 12 = +1), φ a is a scalar field and F a µν is the field strength given by
Here, A a µ is the gauge field with the group index a. All fields belong to the adjoint representation of some compact semi-simple gauge group G whose structure constants f abc are completely antisymmetric in their indices. The generators of the Lie algebra are chosen to be anti-hermitian and subject to [ 
The action (2.4) is invariant under the following infinitesimal gauge symmetry
where θ a and D µ stand for a local gauge parameter and the covariant derivative respectively. This action has much been investigated in [6, 7] . Following [5, 13] we enlarge the model by adding to (2.4) the following topological matter interaction term:
with two additional fields: a vector field B a µ and a scalar field X a . The action (2.7) is invariant under δ (1) :
The introduction of the matter coupling (2.7) implies that the total action
possesses an additional gauge symmetry given by
where Θ a is another infinitesimal local parameter.
As usual, the quantization of gauge field models requires a gauge fixing in order to guarantee the existance of the gauge field propagators. This is done consistently by the introduction of the Faddeev-Popov ghost fields in the context of the BRS-framework [8] . Since there are two different gauge symmetries in the model, the BRS-quantization procedure requires two sets of ghost fields with the corresponding Lagrange multiplier fields. We therefore introduce two Faddeev-Popov ghosts (c a , λ a ) with the corresponding antighosts (c a ,λ a ) and two Lagrange multipliers (b a , d a ). We choose the axial gauge and add the following gauge fixing term to the action S inv :
where n µ is a fixed gauge direction. The complete gauge fixed action is, by construction, BRS-invariant
where the nilpotent and nonlinear BRS-transformation read as
In order to control the n µ -dependance of the theory one enlarges the BRS-transformations by allowing also a variation of the axial vector n µ [10] : 14) and by adding the following term to the action
Here, χ µ is an anticommuting parameter. Obviously, the new action
is now invariant under the enlarged BRS-transformations (2.13) together with (2.14). The physical situation is represented by putting χ µ to zero. We present the canonical dimensions and the Faddeev-Popov charges of all fields in Table 1 . As usual for topological field models the action (2.16) possesses besides the BRS-symmetry an invariance with respect to the linear vector supersymmetry:
One can easily verify that
Moreover, the action (2.16) is left invariant under a further topological scalar supersymmetric transformation acting on the fields as follows
This symmetry 1 may be interpreted in the following manner. First note that twodimensional BF model coupled to topological matter can be obtained by a dimensional reduction of the three-dimensional BF model. The symmetry (2.19) corresponds then to the third component of the topological vector supersymmetry of the three-dimensional BF model [14] . The BRS-operator (2.13), the vector supersymmetry δ µ (2.17) and the operator δ defined in (2.19) form an algebra of Wess-Zumino type which closes on-shell on the translations:
Moreover, the following algebraic relations hold
In order to describe the BRS-symmetry content consistently at the functional level, we introduce a set of external sources coupled to the nonlinear BRS-variations of the quantum fields:
(2.22) We display the canonical dimensions and the Faddeev-Popov charges of the external sources in Table 1 . The complete action
obeys the Slavnov identity:
The introduction of external sources induces a modified Ward-operator for the linear vector supersymmetry W µ :
and the vector supersymmetry is broken linearly
where
Note that the breaking (2.27) is linear in the quantum fields and therefore harmless at the quantum level. Moreover, the topological scalar supersymmetry is expressed by the following Ward-operator D:
with
where the breaking
is linear in quantum fields, hence being harmless at the quantum level. For later use we introduce the linearized Slavnov operator S
Σ :
The algebraic relations (2.20) and (2.21) may be rewritten in terms of functional operators as follows:
closing off-shell. Here, P µ is the Ward operator for translations
where Φ a i stands for all fields. At the classical level the total action (2.23) is now constrained by the following functional identities:
• Gauge conditions:
• Integrated ghost equations:
Note that, once again, the classical breakings ∆ a F and ∆ a G are linear in the quantum fields.
• Local antighost equations which are obtained by commuting the gauge conditions with the Slavnov identity:
• Ward identities of the rigid gauge invariance which are obtained by commuting the ghost equations with the Slavnov identity:
and
In (2.39) Φ i stands collectively for all fields.
Proof of the finiteness
This section is devoted to discuss the full symmetry content of the theory at the quantum level, e.g. the question of possible anomalies and the stability problem which ammounts to analyze all invariant counterterms.
We begin by studying the stability. This requires the analysis of the most general counterterms for the total action and implies to consider the following perturbed action
where Σ (0) is the total action (2.23) and Σ ′ is a functional depending via ∆ on the same fields as Σ (0) and satisfying the Slavnov identity (2.24), the Ward identity for the vector supersymmetry (2.26), the two gauge conditions (2.34), the two ghost equations (2.35), the two antighost equations (2.38), the two Ward identities of the rigid gauge invariance (2.39) and (2.40), the Ward identity for the translations (2.33) as well as the Ward identity (2.29). The perturbation ∆ collecting all appropriate invariant counterterms is an intergrated local field polynomial of dimension two and ghost number zero. Now we are searching for the most general deformation of the classical action such that the perturbed action Σ ′ still fullfills the above constraints. The perturbation ∆ must therefore obey the following set of equations:
The first two equations (3.42) and (3.43) imply that the quantity ∆ does not depend on the multiplier fields b a and d a . The validity of (3.44) and (3.45) implies that dependance of (Ω µa ,c a ) and (σ µa ,λ a ) is given by the following combinations
The equations (3.46)-(3.49), as in reference [11] , can be collected into a unified operator δ:
producing a single cohomology problem
Here, ξ µ and ε µ are constant vectors of ghost numbers +2 and +1 respectively and the quantities ζ and η are constant scalars of ghost numbers +2 and +1 respectively. It can be easily verified that the operator δ is nilpotent
Due to the nilpotency of δ any expression of the form δ∆ is automatically a solution of (3.56). A solution of this type is called a trivial solution. Hence, the most general solution of (3.56) reads ∆ = ∆ c + δ∆ .
Here, the nontrivial solution ∆ c is δ-closed (δ∆ c = 0), but not trivial (∆ c = δ∆). Let us begin with the determination of the nontrivial solution of (3.56). For this purpose we introduce a filtering operator N :
where Ψ stands for all fields, including n µ , χ µ , ξ µ ,ε µ , ζ and η. To all fields we assign the homogeneity degree 1. The filtering operator induces a decomposition of δ and ∆ according to
The operator δ 0 does not increase the homogeneity degree while acting on a field polynomial. On the other hand, the operator δ n increases the homogeneity degree by n units. Similarly, ∆ n is a field polynomial of homogeneity degree n. Furthermore, the nilpotency of δ leads now to δ
Hence, we obtain from δ∆ = 0 the following relation
The operator δ 0 reads:
(3.64)
We notice that the fields n µ , χ µ , ξ µ ,ε µ , ζ and η transform under δ 0 as doublets, being therefore out of the cohomology [12] . The nontrivial solution ∆ 1 c can now be written as intergrated local field polynomial of form degree two and ghost number zero:
where ω p q is a field polynomial of form degree q and ghost number p. Using the Stoke's theorem, the Poincaré lemma [12] The tower of descent equations (3.66) has been solved in [13] , where it was shown that the ghost equations (3.50) and (3.51) imply that the solution ∆ 1 c must vanish identically. The usefulness of the decomposition (3.60) relies on a very general theorem stating that the cohomology of the complete operator δ is isomorphic to a subspace of the cohomology of the operator δ 0 . 
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